[Semester 2 Unit 2] — [PRACTICE TEST Name:

A Graphing Calculator is required for these problems.

AP® CALCULUS AB FREE-RESPONSE QUESTIONS

2. A particle moves along the x-axis so that its velocity at time ¢ is given by
/2
v(it) = =(t + 1) sin(~2—).

At time 1 = 0, the particle is at position x = |

(a) Find the acceleration of the particle at time ¢ = 2. [s the speed of the particle increasing at 1 = 27 Why or
why not?

(b) Find all times ¢ in the open interval 0 < ¢ < 3 when the particle changes direction. Justify your answer.
(c) Find the total distance traveled by the particle from time 7 = 0 until time t = 3.

(d) During the time interval 0 < t < 3, what is the greatest distance between the particle and the origin? Show
the work that leads to your answer.

GO ON TO THE NEXT PAGE.
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AP° CALCULUS AB FREE-RESPONSE QUESTIONS

A water tank at Camp Newton holds 1200 gallons of water at time ¢t = (. During the time interval 0 < ¢ < 18
hours, water is pumped into the tank at the rate

W(r) = 951 sin® (%) gallons per hour.

During the same time interval, water is removed from the tank at the rate
R(t) = 275sin’ (%) gallons per hour.

(a) Is the amount of water in the tank increasing at time ¢ = 15?7 Why or why not?
(b) To the ncarest whole number, how many gallons of water are in the tank at time ¢ = 18 ?

(c) At whattime ¢, for 0 < ¢ < 18, is the amount of water in the tank at an absolute minimum? Show the work
that leads to your conclusion.

(d) For t > 18, no water is pumped into the tank, but water continues to be removed at the rate R(t) until the
tank becomes empty. Let & be the time at which the tank becomes empty. Write, but do not solve, an
equation involving an integral expression that can be used to find the value of &.

WRITE ALL WORK IN THE TEST BOOKLET.

GO ON TO THE NEXT PAGE.
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AP° CALCULUS AB FREE-RESPONSE QUESTIONS

v(f)

0 Vsz

A particle moves along the x-axis so that its velocity v at time 1 2 0 is given by v(f) = sin(rz). The graph of v
is shown above for 0 < 1 < ¥5x. The position of the particle at time ¢ is x(r) and its position at time # = 0 is
{0) = 5.

(a) Find the acceleration of the particle at time ¢ = 3.

(b) Find the total distance traveled by the particle from time t = 0 to 1 = 3.

(¢) Find the position of the particle at time ¢ = 3.

(d) For 0 £ ¢ £ ¥5r, find the time ¢ at which the particle is farthest to the right. Explain your answer.

WRITE ALL WORK IN THE EXAM BOOKLET.

GO ON TO THE NEXT PAGE.



AP° CALCULUS AB FREE-RESPONSE QUESTIONS

CALCULUS AB
SECTION H, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

Graph of /7
4. Let f be a function defined on the closed interval =5 < x < 5 with f(1) = 3. The graph of f”, the derivative
of f. consists of two semicircles and two line segments. as shown above.
(a) For =5 < x < 5, find all values x at which f has a relative maximum. Justify your answer.
(b) For =5 < x < 5, find all values x at which the graph of f has a point of inflection. Justify your answer.
(¢) Find all intervals on which the graph of f is concave up and also has positive slope. Explain your reasoning.

(d) Find the absolute minimum value of f(.x) over the closed interval =5 < v < 5. Explain your reasoning.

WRITE ALL WORK IN THE EXAM BOOKLET.

GO ON TO THE NEXT PAGE.
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f
(sec)

v(1)
(ft/sec)
u(l)
(it/sec”) | 5 2 1 2 | 4 | 2

0 15 25 30 35 50 60

=20 =30 =20 | -4 | 10 0 10

6. A car travels on a straight track. During the time interval 0 < 1 < 60 seconds, the car’s velocity v, measured in
feet per second, and acceleration «, measured in feet per second per second, are continuous functions. The table
above shows selected values of these functions.

60

(a) Using appropriate units, explain the meaning of L |v(r)| dr in terms of the car’s motion. Approximate
0

60
jm [v(r)] dt using a trapezoidal approximation with the three subintervals determined by the table.

30
(b) Using appropriate units, explain the meaning of j a(r) dr in terms of the car’s motion, Find the exact
0
TR
value of J alr) dr.
0

(¢) For 0 <1 < 60, must there be a time ¢ when v(r) = =5 ? Justify your answer.

(d) For 0 <t < 60, must there be a time ¢ when a(r) = 0 ? Justify your answer.

WRITE ALL WORK IN THE EXAM BOOKLET.

END OF EXAM
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Semester 2 Unit2) - [PRACTICE TEST]

A particle moves along the a-axis so that its velocity at time ¢ is given by

Question 2

’
v(t)y = —(L + 1)si
v () (¢ + )mn[z

At time [ = 0, the particle is at position ¢ = 1.

(a)

SCORING GUIDE

I'ind the acceleration of the particle at time § = 2. Is the speed of the particle increasing at ¢ = 27

Why or why not?

Find all times 1 in the open interval 0 <t < 3 when the particle changes direction. Justify your

answer,

Find the total distance traveled by the particle from time ¢ = 0 until time [ = 3.

During the time interval 0 <t <3, whal is the greatest distance between the particle and the

origin? Show the work that leads to your answer.

(a)

(h)

(d)

a(2) = v'(2) = 1.587 or 1.588
w(2) = —3sin(2) < 0
Speed is decreasing since a(2) > 0 and 0(2) < 0.

2
w{t) = 0 when 5 =7

L = ~2m or 2.506 or 2.507
Since v(t) < 0 for 0 <t < V2r and o(t) > 0 for
V27 <t < 3, the particle changes directions at

t=2m.

3
Distance = f” [v(t)|dt = 4.333 or 4.334

NPES
f(' w(t)dt = —3.265

x(~2rm) = =(0) + j:, o(t)dt = —2.265

Since the total distance from ¢+ =0 to t = 3 is
4.334, the particle is still to the left of the origin
at t = 3. Hence the greatest distance from the

origin is 2.265.

“a(2)

speed decreasing

with reason

t = 27 ounly

¢ justification

limits
integrand

answer

: £ (distance particle travels

while velocity is negative)

answer
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AP® CALCULUS AB
SCORING GUIDELINES

Question 2

A water tank at Camp Newton holds 1200 gallons of water at time + = 0. During the time interval
0 <1 £ 18 hours, water is pumped into the tank at the rate

W (1) = 951 sin? (—é—) gallons per hour.

During the same time interval, water is removed from the tank at the rate
L
3

(a) Is the amount of water in the tank increasing at time ¢ = 157 Why or why not?

R(1) = 2755in2( ) gallons per hour.

(b) To the nearest whole number, how many gallons of water are in the tank at time = {8 ?

(c) At whattime ¢, for 0 < <18, is the amount of water in the tank at an absolute minimum? Show the
work that leads to your conclusion.

(d) For 1 > 18, no water is pumped into the tank, but water continues to be removed at the rate R(r)
until the tank becomes empty. Let & be the time at which the tank becomes empty. Write, but do not
solve, an equation involving an integral expression that can be used to find the value of k.

(a) No; the amount of water is not increasing at / = 15 1 : answer with reason
since W (15)~ R(15) = ~121.09 < 0.
18 .
(b) 1200 + jﬂ (W (1) = R(1)) di = 1309.788 1 : limits
1310 gallons 3:4 1 :integrand
| : answer
¢y WH)y—-R(nH=0 1 : interior critical points
{ =0,64948,12.9748 'y I : amount of water is least at
t (hours) | gallons of water ' [ = 6494 or 6495
0 1200 1 : analysis for absolute minimum
6.495 525
12.975 1697
18 1310
The values at the endpoints and the critical points
show that the absolute minimum occurs when
1 = 6.494 or 6.495.
d ‘ R(1)dr = 1310 1 : limi
(d) Lx (t)ydt =13 2:{ .1m1ts.
| : equation
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Question 2

A particle moves along the x-axis so that its velocity v at time vil)
1 >0 is givenby v(1}) = sin(rz). The graph of v is shown above

]
for 0 <1 <JS5x. The position of the particle at time ¢ is x(s) and
its position at time 7/ = 0 is x(0) = 5.
(a) Find the acceleration of the particle at time ¢ = 3.
- - e 0
(b) Find the total distance traveled by the particle from time /7 = 0 VAT
to 1 = 3.

(c) Find the position of the particle at time ¢ = 3. n

(d) For 0 </ < V57, find the time 7 at which the particle

is farthest to the right. Explain your answer.

()  a(3) =v'(3) = 6cos9 = -5466 or —5.467 1:a(3)
3
(b) Distance = L}Iv(/)] dr = 1.702 5. 1 : setup
OR " 1: answer

For 0 <t <3, v(t) =0 when ¢ = V7 =1.77245 and

1 =27 = 2.50663
x0)=5

« Jr

(V) =5+ [ 7 vle) di = 5.89483
2

(V2r) =5+ [ v() di = 543041

x(3) =5+ J-(?v(l) di = 5.77356
|v(¥7) = x(0)] +|x(¥27 ) = x(¥7 )| + |x(3) - x(27)| = 1.702

{ { : integrand

3

© x(3)=5+ jo (1) dt = 5.773 or5.774 3: 1:uses x(0) =5
1 : answer

(d) The particle’s rightmost position occurs at time 1 = JVz = 1.772. T:setsv(t) =0

The particle changes from moving right to moving left at those times / for 304 I:answer

which v(r) = 0 with v(¢) changing from positive to negative, namely at 1 : reason
t =Nr. B, 57 (1 =1.772,3.070,3.963).

-
Using x(7) =5+ jo v(1) dt, the particle’s positions at the times it

changes from rightward to leftward movement are:
7: 0 VJr 3z 57

x(T): 5 5895 5788 5.752

The particle is farthest to the right when T = V.
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Question 4

Let / be a function defined on the closed interval =5 < x < 5 v
with (1) = 3. The graph of f”, the derivative of f, consists
of two semicircles and two line segments, as shown above.

(a) For =5 < x < 5, find all values x at which f has a
relative maximum. Justify your answer.

(b) For =5 < x < 5, find all values x at which the graph of f
has a point of inflection. Justify your answer.

(¢) Find all intervals on which the graph of f is concave up
and also has positive slope. Explain your reasoning. Graph of /7

IA

(d) Find the absolute minimum value of f(x) over the closed interval -5 < x < 5. Explain your reasoning.

() f'(x)=0atx=-3 1,4 5. { 1 : x-values
/" changes from positive to negative at -3 and 4. '
Thus, / has a relative maximum at v = -3 and at x = 4.

1 : justification

(b) /' changes from increasing to decreasing, or vice versa, at 5. [ : x-values
x = —4, -1, and 2. Thus, the graph of / has points of )
inflection when x = -4, —1, and 2.

1 : justification

(c) The graph of f is concave up with positive slope where f” 5. { 1 : intervals

is increasing and positive: -5 <x <-4 and [ < x < 2. 1 : explanation

(d) Candidates for the absolute minimum are where 7’ 1 : identifies x = 1 as a candidate
changes from negative to positive (at x = 1) and at the 3: 4 1:considers endpoints
endpoints (x = -5,5). 1 : value and explanation

. =5 s T
f(=5) =3+ jl S(x)dv=3-2 427 >3
S =3
ey L N 3-2 1
£(5) =3+ jl S dv =34 255553
The absolute minimum value of f on [-5, 5] is f(I) = 3.
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Question 6
(Séc) 0 | 15 | 25| 30 | 35 | 50| 60
v(t)
(ft/sec) =20 -30 =20 -4 -10 0 10
a(t)
(ft/secz) { 5 2 | 2 4 2

A car travels on a straight track. During the time interval 0 < ¢ < 60 seconds, the car’s velocity v, measured in
feet per second, and acceleration «, measured in feet per second per second, are continuous functions. The table
above shows selected values of these functions.

. . . 60 . . . .
(a) Using appropriate units, explain the meaning of Lo [v(#)| dt in terms of the car’s motion. Approximate

0
J:“ [v(1)| dr using a trapezoidal approximation with the three subintervals determined by the table.

30
(b) Using appropriate units, explain the meaning of L) a(t) dt in terms of the car's motion. Find the exact value
00
of L) a{1) dt.

(c) For 0 <t < 60, must there be a time ¢ when v(¢) = =57 Justify your answer.

(d) For 0 <t < 60, must there be a time r when «(¢f) = 0? Justify your answer.

0
(2) Ln [v(¢)| dr is the distance in feet that the car travels 5. { 1 : explanation
from 7 = 30 sec to 1 = 60 sec. 1 : value

60
Trapezoidal approximation for J‘zo [v(0)] dt

A = %(14 +10)5 + %(10)(15) N %(10)(10) = 185 ft

30 .
(b) L) a(t) dt is the car’s change in velocity in ft/sec from 5. { I : explanation
=0 secto t =30 sec. s value
[Matey di = [V(0) di = v(30) - v(0)
o A=, T
= —14 - (-20) = 6 ft/sec
(¢) Yes.Since v(35) =10 < -5 <0 =v(50), the IVT 5. { 1:v(35) < =5 < ¥v(50)
guarantees a / in (35, 50) so that v(t) = -5. " | 1: Yes; refers to IVT or hypotheses
(d) Yes. Since v(0) = v(25), the MVT guarantees a ¢ in 5. { 1:v(0) =(25)
(0,25) sothat a(t) =+v/(¢) = 0. | I: Yes; refers to MVT or hypotheses
Units of ft in (a) and ft/sec in (b) 1 : units in {(a) and (b)
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